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We report on the first observation of magnetic catalysis at zero temperature in a fully nonpertur-
bative simulation of the graphene effective field theory. Using lattice gauge theory, a nonperturbative
analysis of the theory of strongly-interacting, massless, (2 + 1)-dimensional Dirac fermions in the
presence of an external magnetic field is performed. We show that in the zero-temperature limit, a
nonzero value for the chiral condensate is obtained which signals the spontaneous breaking of chiral
symmetry. This result implies a nonzero value for the dynamical mass of the Dirac quasiparticle.
This in turn has been posited to account for the quantum-Hall plateaus that are observed at large
magnetic fields.
PACS numbers: 11.15.Ha, 73.22.Pr
INTRODUCTION
Graphene, a novel material consisting of a single layer
of Carbon atoms arranged in a hexagonal lattice, con-
stitutes one of the most fascinating recent developments
in condensed matter physics [1]. This new field has seen
tremendous growth due to the interest of both theorists
and experimentalists in graphene’s extraordinary elec-
tronic and mechanical properties [2, 3]. Furthermore,
there exists great hope for technological applications of
graphene in electronic devices [4].
From a theoretical point of view, graphene presents
many puzzles and challenges. The electronic structure
of graphene can be described by a valence and conduc-
tance band which touch at two inequivalent corners of
the Brillouin zone. Near these so-called “Dirac points”,
the dispersion is linear, and thus the quasiparticles can
be described by two species of massless Dirac fermions.
A low-energy effective field theory (EFT) can be con-
structed which describes these strongly interacting Dirac
quasiparticles.
In the presence of an external magnetic field, graphene
exhibits a series of quantum-Hall plateaus that can be
understood within a single-particle picture for Dirac
fermions [5]. However, as the magnetic field increases
(B ≥ 20 T), new plateaus appear at filling factors
ν = 0,±1,±4 [6, 7]. These plateaus are the result of
the spontaneous breaking of the four-fold degeneracy of
the Landau levels and the dynamical generation of a mass
for the Dirac quasiparticle. Although Zeeman splitting
appears to account for the plateau at ν = ±4, this “mag-
netic catalysis” phenomenon is offered as an explanation
for the other plateaus [8, 9].
Magnetic catalysis is a striking example of dynami-
cal symmetry breaking whereby an external magnetic
field induces fermion-antifermion pairing no matter how
weak the attraction between the two (for a review see
[10]). Originally studied in model relavistic field theories
[11, 12], it has also been predicted to appear in planar
condensed matter systems such as graphene [13, 14]. Pre-
vious approaches relied on perturbative, self-consistent
techniques, and thus one would also like a fully nonper-
turbative approach. Although previous lattice studies ex-
amined magnetic catalysis at finite temperature [15, 16],
this is the first lattice study of the phenomenon at zero
temperature. Preliminary results first appeared in [17]
and more details of our study will follow [18].
Even in the absence of interactions one can show that
the chiral condensate, 〈Ψ¯Ψ〉, acquires a nonzero value due
to the presence of the magnetic field. This supports the
existence of spontaneous symmetry breaking (SSB). One
can show that for Dirac fermions in (2 + 1) dimensions
in the presence of an external magnetic field [19, 20]
lim
m→0+
〈Ψ¯Ψ〉 = −eB
2pi
, (1)
where e is the charge of the electron. Although this
result applies to the noninteracting case, one suspects
that Coulomb attraction between particles and holes in
graphene will strengthen the condensate and appropri-
ately modify the result in (1).
GRAPHENE EFT
In the low-energy approximation, graphene is de-
scribed by two species of massless Dirac fermions, arising
from the points K and K ′, each having an additional
degree of freedom coming from the spin of the origi-
nal electron. These charged particles interact via the
Coulomb interaction which is mediated by the scalar po-
tential A0. This approximation is reasonable due to the
fact that the Fermi velocity of the quasiparticles satis-
fies vF /c ≈ 1/300. The Euclidean EFT describing these
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2excitations reads
SE =
∫
dtd2x
∑
σ=1,2
Ψ¯σ 6D[A0]Ψσ
+
(+ 1)
4e2
∫
dtd3x (∂iA0)
2, (2)
where  is the dielectric constant of the substrate on
which the graphene monolayer resides, and the Dirac op-
erator is given by
6D[A0] = γ0 (∂0 + iA0) + vF
∑
i=1,2
γi∂i. (3)
The four-component Dirac spinors are organized as fol-
lows:
Ψ>σ = (ψKAσ, ψKBσ, ψK′Bσ, ψK′Aσ) , (4)
where K,K ′ refer to the Dirac points, A,B refer to the
sublattices, and σ refers to the electron’s spin projection.
The graphene EFT possesses an internal U(4) symmetry
that is a consequence of the Dirac approximation. The
generation of different mass terms allows for several pat-
terns of SSB.
To study the graphene EFT nonperturbatively, we will
discretize the continuum action in (2) on a cubic lattice.
The gauge sector is described by the “noncompact” U(1)
lattice action [21]
S
(NC)
G = ξ
β
2
∑
n
3∑
i=1
(
Aˆ0(n)− Aˆ0(n+ iˆ)
)2
, (5)
where ξ ≡ as/at is known as the anisotropy parameter,
which controls the ratio of the spatial lattice spacing to
the temporal lattice spacing, Aˆ0(n) = atA0(n) is a di-
mensionless lattice field, and β = (+1)/(2e2). The Dirac
action is discretized using staggered lattice fermions [22].
In this formulation, the Dirac spinor structure of the ac-
tion is diagonalized leaving
SF =
∑
n
[
1
2
ˆ¯χn
(
U0(n)χˆn+0ˆ − U†0 (n− 0ˆ)χˆn−0ˆ
)
+
vF
2ξ
∑
i=1,2
ηi(n) ˆ¯χn
(
χˆn+iˆ − χˆn−iˆ
) ]
, (6)
where ˆ¯χn = asχ¯n, χˆn = asχn are one-component, dimen-
sionless Grassmann fields, mˆ = atm is the dimension-
less bare mass, and η1(n) = (−1)n0 , η2(n) = (−1)n0+n1 ,
are site-dependent phase factors. The interaction of the
fermions with the scalar potential is introduced via the
link variables U0(n) = e
ieAˆ0(n). Staggered fermions pre-
serve a remnant U(1) × U(1) symmetry left over from
the continuum. The U(1) symmetry, which corresponds
to fermion number conservation, is given by
χ(x)→ exp (iα)χ(x), χ¯(x)→ χ¯(x) exp (−iα) . (7)
The U(1) symmetry, known as the “even-odd” symme-
try, is given by
χ(x)→ exp (iβ(x))χ(x), χ¯(x)→ χ¯(x) exp (iβ(x)) , (8)
where (x) ≡ (−1)x0+x1+x2 . The U(1) symmetry is a
chiral symmetry, which is broken by the appearance of
a mass term, m
∑
n
ˆ¯χnχˆn. In practice, one explicitly in-
troduces a mass term in order to regulate infrared singu-
larities and to investigate SSB. After taking the infinite
volume limit one then attempts to extrapolate to the chi-
ral limit, m→ 0. In our simulations we use an improved
version of the action in (6), known as the asqtad action
[23]. The improvement removes leading discretization er-
rors.
We now introduce a uniform magnetic field perpendic-
ular to the sheet of graphene, described in the continuum
by the vector potential Aµ = δµ,2Bx1. On the lattice this
necessitates the introduction of static U(1) link variables
in the spatial directions
Uy(n) = e
ia2seBnx , (9)
Ux(n) =
{
1 , nx 6= Ns − 1
e−ia
2
seBNxny , nx = Ns − 1 , (10)
where Ns = Nx = Ny and nx, ny = 0, 1, . . . , Ns − 1.
The toroidal geometry (periodic boundary conditions in
space) requires that ΦB ≡ eB/(2pi) = NB/L2s, where
Ls = Nsas, is the lattice extent in the spatial direction
and NB is an integer in the range 0 ≤ NB ≤ N2s /4 [24].
RESULTS AND DISCUSSION
The main observable we use in determining SSB is the
chiral condensate. In the chiral limit it serves as an order
parameter distinguishing the semimetal phase, where it
is zero, from the insulating phase, where it is nonzero. In
the continuum, the chiral condensate is defined as follows:
〈Ψ¯Ψ〉 = 1
V
∂ logZ
∂m
=
1
V
1
Z
∫
DA0Tr ( 6D +m)−1 e−SeffE [A0], (11)
where SeffE [A0] = SG [A0]− Tr log (6D +m), and the par-
tition function is given by
Z =
∫
DA0e−SeffE [A0]. (12)
On the lattice using staggered fermions, the equivalent
expression is given by
〈χ¯χ〉 = 1
V
1
Z
∫
DA0Tr ( 6Dst +m)−1 e−S
eff
E [U0], (13)
where 6Dst is the asqtad-improved stagggered Dirac oper-
ator and m is the bare fermion mass.
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FIG. 1: The chiral condensate σ ≡ 〈Ψ¯Ψ〉 as a function of the
bare fermion mass at zero field (black points) and at magnetic
flux ΦB = 0.125 (blue points), where flux is measured in units
of a2s. We report the volumes in the form N
2
s ×Nz×Nτ . The
error bars on each point are not visible on this scale.
We now outline our strategy for studying magnetic
catalysis in the graphene EFT. At zero magnetic field,
the graphene EFT is known to undergo a second-order
transition as a function of the inverse coupling β [25].
Going to large values of β, one is firmly in the semimetal
region, characterized by a vanishing chiral condensate.
Fixing the coupling and turning on the external magnetic
field, one would expect to see the condensate acquire a
nonzero value. Our results for the chiral condensate as
a function of bare mass at fixed β = 0.80, for both zero
and nonzero magnetic flux, are shown in Fig. 1. One can
see that for zero field, σ ≡ 〈Ψ¯Ψ〉 is approximately linear
in the bare mass over the range of values shown. This is
a clear indication that we are in the semimetal phase. At
nonzero field, one can see that the condensate increases
and exhibits strongly nonlinear behavior as a function of
m.
For both zero and nonzero magnetic flux, the conden-
sate vanishes as the explicit symmetry breaking parame-
ter is removed. When SSB occurs this may still happen
because of the finite spatial extent of the box. We have
explicitly checked this is not the case by calculating σ as
a function of m for Ns = 8, 20, 30. We find no significant
depedence on Ns. One can explain this independence
at nonzero magnetic field by noting that the magnetic
length, lB ≡
√
~c/eB, which characterizes the quasipar-
ticle’s cyclotron orbit, satisfies 1 < lB < Ns, in units of
as. We have also checked the dependence of the conden-
sate on Nz and found that for Nz ≥ 10, the finite volume
correction is less than 2%.
The finite extent of the box in the Euclidean time di-
rection, Nτ , also plays a role. It is related to the tem-
perature of the system, T = 1/(Nτat). We vary Nτ to
investigate the role of temperature in restoring the sym-
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FIG. 2: The chiral condensate σ plotted as a function of T/m
for the ensembles with ΦB = 0.125 and Ns = 8.
metry. This is depicted in Fig. 2. We find that when the
dimensionless quantity T/m is large the condensate tends
to vanish while for T/m < 1 the condensate plateaus to-
wards a finite value. To study magnetic catalysis in the
ground state requires first taking the zero-temperature
limit. Previous studies [15, 16] were performed at finite-
temperature and did not take this limit.
After taking the zero-temperature limit, one can then
take the symmetry breaking parameter, in this case the
bare mass m, to zero. In Fig. 3 we illustrate the chiral
condensate as a function of the bare mass after taking
the zero-temperature limit for magnetic flux ΦB = 0.125.
One can see that in the chiral limit a nonzero condensate
is obtained. This procedure was then repeated for three
other magnetic fluxes. The chirally extrapolated, zero-
temperature results are displayed in Fig. 4. We thus
have obtained a profile of the condensate as a function
of the magnetic flux solidifying the scenario of magnetic
catalysis in the graphene EFT.
SSB also has observable consequences for the fermion
quasiparticle which acquires a dynamical mass, mF . In
order to study the dynamical mass, we calculate the
quasiparticle propagator in the temporal direction at zero
spatial momentum
G
(τ)
F (τ ; ~p = 0) ≡
∑
x,y
〈χ(x, y, τ)χ¯(0, 0, 0)〉,
∼ Ae−mF τ , for large τ , (14)
where A is a τ -independent constant. The results for the
dynamical mass are displayed in Fig. 5. One observes
that at a given bare mass, the dynamical mass increases
with the magnetic flux. Furthermore, the plot suggests
that all four ensembles extrapolate to nonzero values in
the chiral limit. Although one expects this to be the case
for nonzero magnetic flux, at zero magnetic flux one ex-
pects the dynamical mass to vanish in the chiral limit.
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FIG. 3: Chiral limit of the chiral condensate σ using the T = 0
extrapolated points (χ2 ≈ 0.6). The errors on each point
were determined from statistics as well as systematics i.e. the
choice of model for the zero-temperature extrapolation.
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FIG. 4: The chirally extrapolated, zero temperature values of
the chiral condensate σ, plotted as a function of the magnetic
flux, ΦB = eB/2pi. The points at ΦB = 0.125 and ΦB =
0.0625 have a spatial size of Ns = 8 while those at ΦB = 0.083
and ΦB = 0.056 have a spatial size of Ns = 12. The errors
on the points were obtained from the chiral extrapolations at
T = 0. We have fit the data to a quadratic constrainted to
pass through the origin (χ2/d.o.f. ≈ 3.6/2).
Perturbative arguments show that at zero magnetic field,
the dynamical mass develops negative curvature near the
origin and ultimately vanishes as the bare mass is re-
moved [18].
Extrapolating the dynamical mass to the chiral limit
for nonzero magnetic flux, we find a result which agrees
with perturbative predictions for magnetic catalysis in
(2 + 1)-dimensional field theories. Namely, we find that
the chirally extrapolated quasiparticle mass, mF , scales
linearly with
√
eB. This is illustrated in Fig. 6 giving fur-
ther confirmation of magnetic catalysis in the graphene
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FIG. 5: The fermion dynamical mass as a function of the bare
fermion mass for all four nonzero magnetic fluxes and zero
flux. The curve represents the pole of the fermion propagator
(ΦB = 0) calculated to O(e
2) in lattice perturbation theory.
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FIG. 6: The zero-temperature, chirally extrapolated dynami-
cal mass a function
√
eB. We have included a linear fit which
gives an intercept which is consistent with zero (χ2/d.o.f. ≈
3.7/2). This is expected due to the fact that the dynamical
mass vanishes in the chiral limit in the absence of an external
magnetic field.
EFT.
CONCLUSION
Using nonperturbative methods for the study of the
graphene EFT, we have shown the existence of spon-
taneous symmetry breaking at zero temperature due
to an external magnetic field. We have characterized
the ground state of the system by performing a zero-
temperature extrapolation of our observables followed
by a chiral extrapolation. We have also characterized
the dynamically generated mass of the Dirac quasipar-
5ticles and investigated its dependence on magnetic flux.
In a future article we will present results for the time-
reversal-odd Haldane condensate as well as the pseu-
doscalar Nambu-Goldstone boson that results from the
spontaneous breaking of chiral symmetry [18].
ACKNOWLEDGEMENTS
This work was in part based on a variant of the MILC
collaboration’s public lattice gauge theory code. See
http://physics.utah.edu/∼detar/milc.html. Cal-
culations were performed at the Center for High Per-
formance Computing at the University of Utah, Fermi
National Accelerator Laboratory, and the LOEWE-CSC
high-performance supercomputer of Johann Wolfgang
Goethe-University Frankfurt am Main. We would like
to thank HPC-Hessen, funded by the State Ministry of
Higher Education, Research and the Arts, for program-
ming advice. Numerical computations have used re-
sources of CINES and GENCI-IDRIS as well as resources
at the IN2P3 computing facility in Lyon. The authors
would like to acknowledge discussions with Maksim Uly-
byshev. SZ would like to acknowledge discussions with
Wolfgang Unger. SZ would like to acknowledge the sup-
port of the Alexander von Humboldt foundation. CW
and CD were supported by the US NSF grant PHY10-
034278.
[1] K. S. Novoselov et al., Science 306, 666, (2004),
[arXiv:cond-mat/0410550 [cond-mat.mtrl-sci]]
[2] A. H. Castro Neto et al., Rev. Mod. Phys. 81, 109 (2009),
[arXiv:0709.1163 [cond-mat.other]]
[3] M. O. Goerbig, Rev. Mod. Phys. 83, 1193 (2011),
[arXiv:1004.3396 [cond-mat.mes-hall]]
[4] M. Segal, Nature Nanotechnology 4, 612 (2009)
[5] V. P. Gusynin and S. G Sharapov, Phys. Rev. Lett. 95,
146801 (2005)
[6] Y. Zhang et al., Phys. Rev. Lett. 96, 136806 (2006),
[arXiv:cond-mat/0602649 [cond-mat.mes-hall]]
[7] Z. Jiang, Y. Zhang, H. L. Stormer, and P. Kim, Phys.
Rev. Lett. 99, 106802 (2007), [arXiv:0705.1102 [cond-
mat.mes-hall]]
[8] K. Yang, [arXiv:cond-mat/0703757]
[9] B. Roy, M. P. Kennett, and S. Das Sarma, Phys. Rev.
B90, 201409, [arXiv:1406.5184]
[10] I. Shovkovy, Lect. Notes Phys. 871, 13 (2013),
[arXiv:1207.5081 [hep-ph]]
[11] V. P. Gusynin, V. A. Miransky, and I. A. Shovkovy, Phys.
Rev. Lett. 73, 3499 (1994), [arXiv:hep-ph/9405262]
[12] V. Gusynin, V. Miransky, and I. Shovkovy, Phys. Lett.
B349, 477 (1995), [arXiv:hep-ph/9412257]
[13] D. V. Khveshchenko, Phys. Rev. Lett. 87, 206401 (2001),
[arXiv:cond-mat/0106261 [cond-mat.mes-hall]]
[14] E. V. Gorbar, V. P. Gusynin, V. A. Miransky, and
I. A. Shovkovy, Phys. Rev. B66, 045108 (2002),
[arXiv:cond-mat/0202422]
[15] P. Cea, L. Cosmai, P. Giudice, A. Papa, Phys. Rev. D85,
094505 (2012), [arXiv:1204.6112 [hep-lat]]
[16] D. L. Boyda, V. V. Braguta, S. N. Valgushev, M. I. Po-
likarpov, and M. V. Ulybyshev, Phys. Rev. B89, 245404
(2014), [arXiv:1308.2814 [hep-lat]]
[17] C. DeTar, C. Winterowd, and S. Zafeiropoulos,
[arXiv:1509.06432 [hep-lat]]
[18] C. DeTar, C. Winterowd, and S. Zafeiropoulos, work in
preparation, (2016)
[19] J. S. Schwinger, Phys. Rev. 82, 664 (1951)
[20] W. Dittrich and H. Gies, Phys. Lett. B392, 182 (1997),
[arXiv:hep-th/9609197]
[21] H. J. Rothe, Lattice Gauge Theories: An Introduction.
World Scientific (2005)
[22] J. B. Kogut and L. Susskind, Phys. Rev. D9, 3501 (1974)
[23] K. Orginos, D. Toussaint, and R. L. Sugar, Phys. Rev.
D60, 054503 (1999), [arXiv:hep-lat/9903032]
[24] M. H. Al-Hashimi and U. J. Wiese, Annals Phys. 324,
343 (2009), [arXiv:0807.0630 [quant-ph]]
[25] J. E. Drut and T. A. Lahde, Phys. Rev. B79, 165425,
(2009), [arXiv:0901.0584 [cond-mat.str-el]]
